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We study the Bragg resonance of surface water waves by a two-dimensional array of vertical cylinders
covering a large area of the sea. Starting from the resonance criterion known in the physics of solid state and
crystallography, we employ asymptotic techniques to derive two-dimensional coupled-mode equations for the
envelopes of scattered waves resonated by a plane incident wave. Explicit analytical solutions are obtained for
a long strip of cylinder array which may be used for supporting a future offshore airport. Examples of both
two-wave and three-wave resonances are discussed in detail. Roles of the band gaps are examined.
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I. INTRODUCTION

As the world’s population increases, especially along
ocean coasts, use of offshore space is a reality and has been
proposed for a variety of future applications. For example,
there are now five offshore airports in Japan constructed on
artificial islands �Nakasaki, Kansai, Kobe, New Kitakyushu,
and Chubu�. In deep water, a 1000-m long model of floating
airport �called the megafloat� has been tested in Tokyo Bay.
For military operations, US Navy has studied the feasibility
of mobile offshore bases �MOB� by linking a train of mod-
ules with the decks kept above the sea surface by semi-
submersibles �1�. In intermediate water depths, a possible
type of future offshore airport is a long platform supported
above water by an array of vertical cylinders resting rigidly
on the seabed, similar to the fixed oil-drilling platforms in
sea depths less than 100 m. For material economy, the radius
of the cylinders will likely be much smaller than the spacing.
For such a structure, theoretical prediction of wave-structure
interaction should take into account of the mutual influence
of adjacent cylinders.

Wave propagation in periodic media is of course a topic
of longstanding interest in several branches of physics, nota-
bly crystallography �2�, solid-state physics �3,4�, optics �5�,
and photonics �6�. A large part of the interest is on the dis-
persion relation and band structure for a medium of infinite
extent, obtained from the eigensolution of a homogeneous
boundary-value problem. In the linearized theory of water
waves, similar contributions have been made �7–12�.

Diffraction by a periodic medium of finite extent has a
rich literature in optics �5,13� and in crystallography �14�. If
the size of and the spacing between the scatterers are com-
parable or arbitrary, solution methods usually require consid-
erable numerical computation. Examples are the S-matrix
theory which may involve boundary integrals based on

Green’s functions or methods of finite elements for electro-
magnetic waves �see �15� for a recent survey�. For circular
cylinders in water waves, Graf’s addition theorem for Bessel
functions �see Sec. 11.3 �44� or Eq. 9.1.79 �45�� has been
used to expedite the computation of series solution for mul-
tiple scattering �16–20�. Many mathematical aspects of these
methods can be found in �21� or �22�. For water waves there
are approximate methods developed for a number of vertical
cylinders spaced at a distance much greater than the wave-
length �23–25�, or when the wavelength is much greater than
both the scatterer dimension and spacing �e.g., �26��.

As in optics and solid-state physics, the case of resonant
scattering by a periodic array is of special interest in water-
wave dynamics. For one-dimensional Bragg reflection of
plane waves by parallel corrugations on the seabed, experi-
ments have shown strong reflection by the Bragg mechanism
�27�. For two-dimensional scattering of water waves emanat-
ing from a point source on one side of a long strip of cylinder
array, the superlensing effect has been demonstrated in ex-
periments and confirmed by a semianalytical theory �28�. In
two-dimensional radiation from a point inside an infinite ar-
ray of holes on the bottom of the water layer, self-collimation
is possible �29�. In these studies the density of scatterers is
high. Theoretical calculations require some computational la-
bor in order to yield physical insight. For Bragg scattering of
optical waves in layered media or wave guides, the one-
dimensional coupled-mode equations �CME� are effective
approximations if the periodic variation of medium proper-
ties is weak �5,30,31�. With CME, physical deductions can
be made explicitly with little numerical effort. In water-wave
theory, similar equations have been derived by the perturba-
tion method of multiple scales, for periodic sand bars on the
seabed �32–36�. The technique of multiple scales has also
been applied to one-dimensional nonlinear optics �37�.

In this article, we consider the diffraction of plane mono-
chromatic incident waves from the open sea by a two-
dimensional array of vertical cylinders. The radius of the
cylinder is assumed to be much smaller than the incident
wavelength. We first derive the two-dimensional coupled-
mode equations for the mutually resonating wave envelopes
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by an asymptotic analysis for the general case where there
can be N−1 scattered waves by Bragg resonance. These
equations are then used to obtain analytical solutions for
scattering by a long strip of cylinder array that simulates the
supporting structure of an offshore airport. Explicit analytical
results will be given for cases where one or two scattered
waves are resonated by a plane incident wave. A variety of
scattering configurations will be demonstrated for a range of
small frequency detuning in and outside the band gaps.

Although this study addresses a problem in water waves,
the theory and results can be readily applied to or modified
for other physical problems such as sound waves scattered
by rigid cylinders, and horizontally sheared elastic waves
scattered by cylindrical cavities in a solid, etc. Extensions to
three-dimensional resonant scattering and to second-order
nonlinear effects are also conceivable.

II. CONCEPTS FROM CRYSTALLOGRAPHY

We shall employ a few concepts on Bragg resonance in a
two-dimensional periodic medium, well known in solid-state
physics and crystallography �2–4�, but used in water-wave
theory only recently.

In the horizontal plane of �x ,y�, let the cylinder centers
define the direct lattice. In terms of the primitive vectors a1
and a2 which connect two adjacent lattice points in two dif-
ferent directions, a lattice vector connecting any two lattice
points, or nodes, can be expressed as

R�m1,m2� = m1a1 + m2a2. �1�

where m1 ,m2 are integers. On the other hand, the reciprocal
lattice is spanned by the following reciprocal-lattice primi-
tive vectors b1 and b2:

b1 =
2�a2 � e3

a1 · �a2 � e3�
, b2 =

2�e3 � a1

a1 · �a2 � e3�
, �2�

where e3= �0,0 ,1� is a unit vector pointing vertically up-
ward. Any vector K connecting two nodes in the reciprocal
lattice can be represented by

K�n1,n2� = n1b1 + n2b2, �3�

where n1 and n2 are integers. Since ai ·b j =2��ij, the follow-
ing identity holds:

eiK�n1,n2�·R�m1,m2� = 1, �4�

for any integers m1 ,m2 ;n1 ,n2. For the special case of a rect-
angular lattice, a1 ·a2=0. The primitive vectors of the recip-
rocal lattice are simply b1=2�a1 / �a1�2 and b2=2�a2 / �a2�2
which are also orthogonal to each other.

Let the incident wave number vector be k1. Another wave
in the direction of k j is said to be resonantly scattered if k j
and k1 are related to a reciprocal lattice vector K1,j by the
Bragg condition:

k j = k1 + K1,j , �5�

where the double subscripts indicate the direction of the re-
ciprocal lattice vector, i.e., Ki,j points from the tip of ki to the
tip of k j. If more than one wave is resonantly scattered, Eq.

�3� implies that any two resonated wave vectors are related
by

k j = ki + Ki,j . �6�

If the periodic array is infinite in extent, Bloch’s theorem
�3,4� requires that a linear wave solution obeys the condition

��r + R�m1,m2�� = eikj·R�m1,m2���r� . �7�

For a given lattice, the method of Ewald construction in
crystallography facilitates the finding of the directions of the
resonantly scattered waves k j, j�1, from the reciprocal lat-
tice and the incident wave number vector k1 �3,4�. Figure 1
shows a reciprocal lattice plane spanned by the primitive
vectors b1 and b2. Let the tip of k1 coincide with a node. If
another node P2 falls on the circle centered at the tail O of

k1, the vector OP2
� is the resonantly scattered wave vector k2.

Depending on the incident wave vector and the reciprocal
lattice geometry, there can be N coupled vectors k j, j
=1, . . . ,N satisfying the Bragg resonance condition �5� �47�.
Two examples of resonated wave vectors are shown in Fig.
1. A case of two-wave resonance is shown on the left, where
k2 represents the scattered wave with K1,2=k2−k1=−b1
−2b2. A three-wave resonance is shown on the right, where
k2 and k3 are the scattered waves with K1,2=k2−k1=−2b1
−2b2 and K1,3=k3−k1=−2b1+b2. For a shorter incident
wave �larger k= �k1��, the total number of resonated waves
can be greater.

For a given lattice and scattering configuration found by
Ewald construction, we shall first derive the equations cou-
pling the envelopes of the incident and N−1 resonantly scat-
tered waves. Small detuning from perfect resonance is al-
lowed.

III. LINEARIZED WATER-WAVE THEORY
AND PERTURBATION PROBLEMS

Assuming irrotationality, the velocity potential must sat-
isfy

�2� +
�2�

�z2 = 0, − H � z � 0, �8�

everywhere in water, where � is the gradient operator in the
horizontal plane �x ,y�. On the sea surface, the atmospheric
pressure is assumed to be constant. The kinematic and dy-
namic conditions can be combined to give

k1k1

k2k2

k3

b1

b2

K1,2K1,2

K1,3

OO

FIG. 1. �Color online� Demonstration of Bragg resonance wave
vectors by Ewald construction: A two-wave Bragg resonance N=2
�left� and a three-wave Bragg resonance N=3 �right�.
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�2�

�t2 + g
��

�z
= 0, z = 0. �9�

Let �r� ,z� be defined as the local cylindrical polar coordinate
centered at the lattice node R�m1 ,m2�, then the position of
any point in space is

�r,z� = �R�m1,m2� + r�,z� . �10�

On the boundary of the cylinder, the normal flux must van-
ish,

��

�r�
= 0, r� = �r − R�m1,m2�� = a, for all m1,m2.

�11�

Finally, let the sea depth be constant. No vertical flux re-
quires

��

�z
= 0, z = − H . �12�

It is well known that for vertical cylinders in water of con-
stant depth, the mathematical problem is reducible to one for
two-dimensional acoustic scattering. We now add the as-
sumption that the cylinder radius a is much smaller than the
typical wave length 2� /k so that

	 = ka 
 1 �13�

is a small parameter. It is well known in acoustics since
Rayleigh �38� that the scattered wave from one small cylin-
der is of the order O�	2� compared to the incident wave. It
can also be shown that Bragg scattering by a large number of
cylinders in a long channel is no longer weak if N=O�	−2�
�39,40�. This suggests the asymptotic method of multiple
scales for describing the wave field almost everywhere ex-
cept in the small neighborhood of the cylinders. For this
outer field we introduce fast and slow variables

x,y,z,t; X = 	2x, Y = 	2y, T = 	2t , �14�

so that x ,y ,z , t describe the fast motion characterized by the
length and time scales of 1 /k ,1 /�, while X ,Y ,T describe the
slow variation of the envelope. The outer potential is ex-
panded as follows:

� = ��1 + 	2�2
out + O�	4��e−i�t + c.c., �15�

where �1 and �2
out are functions of �x ,y ,z ;X ,Y ,T�. Substi-

tuting Eq. �15� into the governing equations �8�, �9�, and
�12�, we obtain the perturbation equations for the outer po-
tentials �1 and �2

out.

A. First order problem

At the first order, the outer velocity potential �1 is gov-
erned by the boundary value problem,

�2�1 +
�2�1

�z2 = 0, − H � z � 0, �16�

��1

�z
−

�2

g
�1 = 0, z = 0, �17�

��1

�z
= 0, z = − H . �18�

In addition, we require that �1 must satisfy Bloch’s theorem
�7� on the short scale.

Because the local effect of scattering by the small cylin-
ders is only of order O�	2�, no boundary condition on the
cylinder surfaces is needed for �1. The cylinders are math-
ematically absent at the first order.

The boundary-value problem for �1 is homogeneous and
governs the fast variations in a unit cell, depicted in Fig. 2.
The solution is formally the sum of all mutually resonant
progressive waves,

�1 = �
j=1

N

Aj�X,Y,T�� j�x,y,z� , �19�

where

� j�x,y,z� = Z�z�eikj·r, �20�

with all k j =k�cos 
 ji+sin 
 jj� determined by Bragg condi-
tion �5�. The potential amplitudes of the jth resonated wave
Aj are yet unknown. Z�z� is the vertical profile given by

Z�z� = −
ig

2�

cosh k�z + H�
cosh kH

, �21�

with the dispersion relation

�2 = gk tanh kH . �22�

B. Second-order problem at O„�2
…

Upon substituting Eq. �15� into Eqs. �8�, �9�, �12�, and �7�
collecting terms of 	2, we obtain the boundary value prob-
lem for the second-order outer potential �2

out:

�2�2
out +

�2�2
out

�z2 = − 2�̄ · ��1, in fluid, �23�

��2
out

�z
−

�2

g
�2

out =
2i�

g

��1

�T
, on z = 0, �24�

��2
out

�z
= 0, on z = − H , �25�

a1

a2

ρ
ϕa

R(m1, m2)

FIG. 2. Unit cell in a cylinder lattice constructed by a1 and a2. A
typical local polar coordinate system is shown around R�m1 ,m2�.
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�2
out�r + R�m1,m2�� = eikj·R�m1,m2��2

out�r�, j = 1, . . . ,N

�26�

In Eq. �23�, �̄ denotes the gradient operator with respect to
the slow variables X and Y. On the cylinder surface, we must
now impose the no-flux boundary condition. Let ����r��
= �r−R�m1 ,m2�� ,�� be the local polar coordinates. Using Eq.
�19�, we get the radial gradient of �1 in the local polar co-
ordinate system centered at R�m1 ,m2�

��1

��
= �

j=1

N

AjZ�z�
�eikj·r

��

= Z�z��
j=1

N

Aje
ikj·R�m1,m2��eik� cos�
j−��

��

= Z�z��
j=1

N

ikAje
ikj·R�m1,m2� cos�
 j − ��eik� cos�
j−��.

�27�

For small 	=ka, Eq. �27� on the cylinder surface �=a can be
approximated by

� ��1

��
�

�=a
= Z�z��

j=1

N

kAje
ikj·R�m1,m2�	i cos�� − 
 j�

−
	

2
�1 + cos 2�� − 
 j��
 + O�	2� . �28�

Such a finite gradient on the surface of a small cylinder can
be canceled by a O�	2� potential only if the latter has a large
local gradient. An inner correction is needed.

We now split the unit cell into two parts. In the far field
defined by k�r��=O�1�, the outer potential 	2�2

out satisfies
Eqs. �23�–�26�, while its radial gradient is of negligible im-
portance in the neighborhood of the cylinder.

In the near field, �= �r��=O�a�, an inner correction 	2�2
in

must be added, which needs to satisfy only the homogeneous
version of the governing equations �23�–�25�, and to vanish
at ��a. But its radial gradient must cancel ��1 /�� given in
Eq. �28�, i.e.,

��2
in

��
= − Z�z��

j=1

N

kAje
ikj·Rm1,m2	 i cos�� − 
 j�

	2

−
1 + cos 2�� − 
 j�

2	

, on � = a . �29�

Writing the inner correction potential as

�2
in = Z�z����,�� ,

it is easy to show that � satisfies the two-dimensional
Laplace equation in the horizontal plane with an error of
O�	2�. The solution can be immediately found to be

�2
in = Z�z��

j=1

N

Aje
ikj·R�m1,m2�	 log k�

2
+

i

	

a

�
cos�� − 
 j�

−
1

4

a2

�2 cos 2�� − 
 j�
 + O�	0� . �30�

For later use we record its value on the cylinder �=a:

�2
in = Z�z��

j=1

N

Aje
ikj·R�m1,m2�	 log 	

2
+

i

	
cos�� − 
 j�

−
1

4
cos 2�� − 
 j�
 + O�	0� . �31�

Note that the entire second-order solution is

�2 = �2
out + �2

in, �32�

in which the outer field away from the cylinder is dominated
by �2

out but the near field around the cylinder is dominated by
�2

in. Their sum �2 is uniformly valid everywhere in the unit
cell surrounding the cylinder as shown in Fig. 3. Instead of
solving the entire inhomogeneous second-order problem ex-
plicitly, it suffices to examine its solvability in order to de-
rive the envelope equations for Aj.

IV. ENVELOPE (COUPLED-MODE) EQUATIONS

A. Solvability of �2

Recall that every � j , j=1, . . . ,N defined in Eq. �20� satis-
fies the homogeneous version of the boundary value problem
�23�–�26�. Let us define a unit cell to be the fluid column of
height H and of the base defined by the primitive vectors a1
and a2, as shown in Fig. 3. For each j=1, . . . ,N, we apply
Green’s identity to � j

* and �2 over the unit cell, where � j
*

denotes the complex conjugate of � j,

� � �
V
	�2��2 +

�2

�z2
� j
* − � j

*��2 +
�2

�z2
�2
dV

=� �
�V
��2

�� j
*

�n
− � j

*��2

�n

dS . �33�

The bounding surface of V, denoted by �V, consists of the

VSB

SF

SV

a1

a2

z = 0

z = −H

FIG. 3. A unit cell.
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free surface SF, the cylinder surface SB, the vertical surfaces
SV and the sea bottom at z=−H. The above identity amounts
to the solvability condition for the inhomogeneous problem
of �2, and should lead to the evolution equations for Aj. We
now evaluate the integrals.

Substituting Eqs. �32�, �23�, and �20� into the volume in-
tegral on the left side of Eq. �33� and noticing that �2

in satis-
fies the homogeneous Laplace equation in V, we obtain

LHS�33� = 2i�
h=1

N

kh · �̄Ah�
−H

0

Z2�z�dz� �
SF

ei�kh−kj�·rdS .

�34�

Since the linear dimension of the unit cell is comparable to
the incident wavelength, k��a1� , �a2��=O�1�. The cross-
sectional area of a cylinder is much smaller than that of the
unit cell: AF=A−�a2=A�1+O�	2���A, where AF is the
area of the free surface SF. The surface integral in Eq. �34�
can be approximated by

� �
SF

ei�kh−kj�·rdS =� �
A

ei�kh−kj�·rdS + O�	2�

= � jhA + O�	2� . �35�

The last identity is proven in Appendix A �see Eq. �A6��.
Substituting Eq. �35� into Eq. �34� and dropping terms of

order O�	2�, we get

LHS�33� = 2iA�
−H

0

Z2�z�dz�
h=1

N

kh · �̄Ah� jh

= 2iA�
−H

0

dz Z2�z��k j · �̄Aj� . �36�

In the surface integral on the right-hand side of Eq. �33�,
there is no contribution from the sea bottom. Contribution
from the outer vertical boundaries SV of the unit cell also
vanishes by Bloch’s condition for �2

out and the rapid vanish-
ing of �2

in away from the cylinder. Making use of the free
surface conditions �24� for �2

out, Eq. �20� for � j
* and the ho-

mogeneous free surface condition for �2
in, the integral over

the free surface SF on the right side of Eq. �33� becomes

� �
SF

��2
�� j

*

�z
− � j

*��2

�z

dS

= −
2i�

g
� �

SF

� j
*��1

�T
dS

= −
2i�

g
Z2�0��

h=1

N
�Ah

�T
� �

SF

ei�kh−kj�·rdS

= −
2i�A

g
Z2�0�

�Aj

�T
, �37�

where terms of O�	2� have been dropped.
The surface integral in Eq. �33� over the cylinder is evalu-

ated in Appendix B, with the result

IB = �
h=1

N

�Ah�1 − 2 cos�
 j − 
h���
−H

0

Z2�z�dz + O�	� .

�38�

Note that IB is of order O�	0� and is independent of the
cylinder radius a.

With these results Eq. �33� reduces to

�Aj

�T
+

gk

�
�

−H

0 Z2�z�
Z2�0�

dz�k j

k
· �̄
Aj

= −
i

2

�

kA
gk

�
�

−H

0 Z2�z�
Z2�0�

dz�
h=1

N

�1 − 2 cos�
 j − 
h��Ah.

�39�

The z integral in Eq. �39� is just the group speed in open
water,

gk

�
�

−H

0 Z2�z�
Z2�0�

dz =
gk

�
�

−H

0 cosh2 k�z + H�
cosh2 kH

dz

=
�

2k
�1 +

2kH

sinh 2kH

 � Cg. �40�

Let

�0 =
�Cg

kA
, �41�

which has the dimension of frequency, and

Cg
�j� = Cg

k j

k
, j = 1, . . . ,N , �42�

the wave envelope equations �39� reduce to a more concise
form:

�Aj

�T
+ Cg

�j� · �̄Aj

= −
1

2
i�0�

h=1

N

�1 − 2 cos�
 j − 
h��Ah, j = 1, . . . ,N .

�43�

Returning to natural coordinates via X=k2a2x, Y =k2a2y, and
T=k2a2t, the envelope equations read

�Aj

�t
+ Cg

�j� · �Aj

= −
i�ka�2�0

2 �
h=1

N

�1 − 2 cos�
 j − 
h��Ah, j = 1, . . . ,N .

�44�

The coupling coefficient �ka�2�0=kCg��a2 /A� on the right
side of Eq. �44� is proportional to volume density of the
cylinders in water. Recall that N and kj hence 
 j are deter-
mined by Bragg condition �5�. The system of equations �43�
or �44� is the two-dimensional extension of the one-
dimensional coupled-mode equations in optics �5� and in
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other fields. In open water without cylinders, Eq. �43� reduce
to

�Aj

�T
+ Cg

�j� · �̄Aj = 0, j = 1, . . . ,N , �45�

which is the well-known law of wave-action conservation
�see, e.g., �41��.

Several immediate consequences can be deduced.

B. Energy conservation

Let us multiply both sides of Eq. �43� by Aj
* and adding

the resulting equation with its complex conjugate. After sum-
mation over j, we obtain

�
j=1

N � ��Aj�2

�T
+ Cg

�j� · �̄�Aj�2

= −

�0

2 �
j=1

N

�
h=1

N

�1 − 2 cos�
 j − 
h��

��iAhAj
* − iAh

*Aj� . �46�

By changing the second term in the last parentheses on the
right from Ah

*Aj to Aj
*Ah, the double series is unaltered, hence

must be zero, yielding

�

�T
�
j=1

N

�Aj�2 + �
j=1

N

�Cg
�j� · �̄�Aj�2� = 0. �47�

Thus the total energy is conserved in the cylinder array. This
result can be used to check the correctness of algebra later.

C. Limiting case 1: No Bragg resonance

If no scattered wave is resonated in the cylinder array by
the incident wave, then N=1. The envelope of the incident
wave satisfies

�A1

�T
+ Cg

�1� · �̄A1 =
1

2
i�0A1. �48�

which has the solution

A1�X,Y,T� = A1�X cos 
1 + Y sin 
1 − CgT�ei�0T/2, �49�

Using Eq. �49�, the corresponding free surface elevation is

� =
1

2
A1ei�k1·r−�t� + c.c.

=
1

2
A1�X cos 
1 + Y sin 
1 − CgT�eik1·re−i��−	2�0/2�t.

�50�

Thus the leading-order effect of the cylinder array is to in-
troduce a small frequency downshift 	2�0 /2 in the incident
wave. The wave envelope advances at the group velocity,
without changing its profile. The small scattered wave can in
principle be obtained at the next order, not pursued here.

D. Limiting case 2: A linear array in a long channel

A linear array along the centerline of a long and straight
channel is equivalent to one period of a rectangular array

when the incident wave is directed along one set of parallel
rows. The primitive lattice vectors a1=a1i and a2=a2j of the
lattice are orthogonal to each other. The reciprocal lattice is
then constructed by the primitive vectors b1=2�i /a1 and
b2=2�j /a2 following �2�, so that a reciprocal lattice vector
is expressed by

Kn1,n2
= n1b1 + n2b2 =

2�n1

a1
i +

2�n2

a2
j . �51�

Assume further that the incident wave train arrives from x
�−� along the x direction which is parallel to a1, i.e., k1
=ki. The reflected wave with k2=−ki can be resonated and
satisfies the Bragg condition �5�:

k1 − k2 = 2ki = Kn,0 =
2�n

a1
i , �52�

where n1=n is any positive integer and n2=0. Wave propa-
gation is one-dimensional and is equivalent to Bragg scatter-
ing by a linear array along the centerline of a long channel of
width a2. Two examples of one-dimensional resonance satis-
fying Eq. �52� are shown in Fig. 4.

By substituting k=n� /a1, 
1=0, and 
2=� into Eq. �43�,
we obtain the following pair of couple-mode equations for
the incident �A1� and reflected �A2� envelopes:

�A1

�T
+ Cg

�A1

�X
= −

1

2
i�0�− A1 + 3A2� , �53a�

�A2

�T
− Cg

�A2

�X
= −

1

2
i�0�3A1 − A2� , �53b�

where

�0 =
�Cg

kA
=

�Cg
n�
a1

a1a2

=
Cg

na2
. �54�

These results have been derived independently for waves in a
long channel of width a2 with a linear array of cylinders
along the center line �39,40�, and can be combined to yield a
single equation, which resembles the Klein-Gordon equation,
for A1 �or A2�.

(1)

(2)

b1

b2
k1

k1

k2

k2

K1,0

K2,0

FIG. 4. �Color online� Bragg resonance by normally incident
waves. The reciprocal lattice spanned by b1 and b2. Case �1�: Bragg
resonance with k1=−k2=b1 /2, n1=2; case �2�: Bragg resonance
with k1=−k2=b1, n1=1.
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V. TWO-DIMENSIONAL SCATTERING
BY A WIDE STRIP OF CYLINDERS

In principle the system �43� can be used to study resonant
diffraction by a large area of cylinders of any plan form. For
explicit analysis, we apply it to a long and straight strip of
cylinder array, which may idealize the supporting structure
of an offshore airport. Let the width L� of the strip be of
order O�1/k	2� in the x- �east-west� direction and the length
be infinite in ±y �north-south� directions. A train of plane
incident waves arrives from the south-west at an angle 
1
with respect to the x-axis.

Let the superscripts � and � be used to distinguish the
open-water regions to the west and to the east of the strip
respectively, and let symbols without a superscript denote
quantities inside the strip. The wave potentials in the three
zones are

�1 = Z�z��
j=1

N

Aj�X,Y,T� ,

where Aj = �Aj
−, X � 0

Aj , 0 � X � L

Aj
+, X � L ,

� �55�

with L=	2L�.
We allow a slight detuning of the incident wave,

A1
−�X,Y,T� = A0ei�K cos 
1X+K sin 
1Y−�T�, X � 0. �56�

where 	2K is the detuning wave number and 	2� the de-
tuning frequency, related by K=� /Cg. For simplicity the
vector K�cos 
1 , sin 
1� is assumed to be parallel to k1.

In the cylinder region 0�X�L, the governing equations
for the Bragg-resonated envelopes are Eq. �43�. In general
M��N� waves propagate forward to the east �cos 
 j �0� and
the remaining N−M waves propagate backward to the west
�cos 
 j �0�. Requiring continuity of the dynamic pressure
p=−�0��1 /�t ��0 is the water density� and the normal veloc-
ity ��1 /�x along the edges X=0,L, it can be shown that the
amplitudes of waves in the same directions must be continu-
ous �see Appendix in �36��. Specifically, along the left edge
X=0, the envelopes of the incident and all backward-
scattered waves are continuous,

A1
−�0,Y,T� = A1�0,Y,T� , �57�

and

Aj
−�0,Y,T� = Aj�0,Y,T�, if cos 
 j � 0, �58�

but all forward waves except the incident wave must vanish

Aj�0,Y,T� = 0, if cos 
 j � 0; j � 1. �59�

Similarly, along the right edge X=L, all forward waves are
continuous

Aj
+�L,Y,T� = Aj�L,Y,T�, if cos 
 j � 0, �60�

while all backward waves must vanish,

Aj�L,Y,T� = 0, if cos 
 j � 0. �61�

Together these matching conditions provide N boundary con-
ditions for the wave envelopes Aj�X ,Y ,T� , j=1, . . . ,N. The
boundary-value problems for all Aj can be solved.

We now discuss the explicit solutions for two simple
cases: �i� One scattered wave �N=2� and �ii� two scattered
waves �N=3�.

VI. ONE SCATTERED WAVE: N=2

Without loss of generality we limit the direction of the
incident wave to 0�
1�� /2, i.e., pointing to the northeast.
By Ewald construction, one finds four possibilities for the
scattered waves, for four different magnitudes of k. Two are
scattered forward: 0�
2�� /2 �Fig. 5�a�, forward-positive�
and −� /2�
2�0 �Fig. 5�b�, forward-negative�. Two are
scattered backward �reflection�: � /2�
2�� �Fig. 5�c�,
backward-positive�, and −��
2�−� /2 �Fig. 5�d�,
backward-negative�. Similar possibilities are known in x-ray
diffraction by crystals �2�.

A. Boundary-value problems for wave envelopes

With N=2, the governing equations for the wave enve-
lopes Aj , j=1,2 in the strip 0�X�L and the envelopes
Aj

± , j=1,2 outside the strip are given by Eqs. �43� and �45�,
respectively. By assuming

�Aj
−

Aj

Aj
+ � = A0�Bj

−�X�
Bj�X�
Bj

+�X�
�ei�K sin 
1Y−�T�, j = 1,2, �62�

we get

dB1
−

dX
= iK cos 
1B1

−, �63a�

dB2
−

dX
=

iK�1 − sin 
1 sin 
2�
cos 
2

B2
−, �63b�

in the open water to the left �X�0�,

k1k1k1

k1

k2

k2

k2

k2

(a) (b) (c) (d)

FIG. 5. �Color online� Four scattering configurations in the re-
ciprocal lattice. The incident wave vector k1=k�cos 
1 , sin 
1� al-
ways points to the northeast. The scattered wave vector is k2

=k�cos 
2 , sin 
2�. �a� Forward scattering to the northeast: 0�
2

�� /2; �b� forward scattering to the southeast: −� /2�
2�0;
�c� backward scattering �reflection� to the northwest: � /2�
2��;
�d� backward scattering �reflection� to the southwest: −��
2

�−� /2.
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dB1

dX
=

i�0

Cg
	� 1

2 cos 
1
+

�

�0
cos 
1�B1

+
2 cos�
1 − 
2� − 1

2 cos 
1
B2
 , �64a�

dB2

dX
=

i�0

Cg
	2 cos�
1 − 
2� − 1

2 cos 
2
B1 + � 1

2 cos 
2

+ � �

�0

1 − sin 
1 sin 
2

cos 
2
�B2
 , �64b�

inside the strip 0�X�L, and

dB1
+

dX
= iK cos 
1B1

+, �65a�

dB2
+

dX
=

iK�1 − sin 
1 sin 
2�
cos 
2

B2
+, �65b�

in the open water to the right �X�L�. Use is made of the
relation �=CgK.

The solutions in open waters can be determined easily
from the uncoupled equations. Inside the strip of cylinders,
we write the coupled equations �64a� and �64b� in matrix
form:

d

dX
�B1

B2
� =

i�0

Cg
M�B1

B2
� , �66�

where M is the matrix

M = �M11 M12

M21 M22
� �67�

with the elements

M11 =
1

2 cos 
1
+ � �

�0

cos 
1, �68a�

M12 =
2 cos�
1 − 
2� − 1

2 cos 
1
, �68b�

M21 =
2 cos�
1 − 
2� − 1

2 cos 
2
, �68c�

M22 =
1

2 cos 
2
+ � �

�0

1 − sin 
1 sin 
2

cos 
2
. �68d�

The matrix M hence the homogeneous second-order system
�66� has the following characteristic equation:

�2 − �M11 + M22�� + �M11M22 − M12M21� = 0, �69�

whose eigenvalues are

�1,2 =
�M11 + M22� ± �1/2

2
, �70�

where � is the discriminant

� = �M11 + M22�2 − 4�M11M22 − M12M21�

= �M11 − M22�2 + 4M12M21

= �1

2
� 1

cos 
1
−

1

cos 
2

 + � �

�0

 cos�
1 − 
2� − 1

cos 
2
�2

+
�2 cos�
1 − 
2� − 1�2

cos 
1 cos 
2
. �71�

The solutions of B1�X� and B2�X� are linear combinations of
exp�i�1�0X /Cg� and exp�i�2�0X /Cg�. The coefficients are
to be determined by the boundary conditions at X=0,L. If
��0, both roots are real. There is no spatial attenuation or
amplification along X in envelope amplitudes. Negative �
corresponds to complex roots and the imaginary parts lead to
amplitude attenuation or amplification. For a given cylinder
array, the direction 
2 of the scattered wave for a given in-
cident wave with wave number k and direction 
1 is first
determined by Ewald’s method. The discriminant � and the
eigenvalues then depend on the detuning frequency � /�0 as
given by Eqs. �70� and �71�. In the following, we discuss the
effects of detuning frequency for different scattering configu-
rations.

B. Forward scattering: cos �2�0

Assuming forward scattering, as illustrated by the recip-
rocal lattices shown in Fig. 6 and Fig. 10, we must have

B1
−�X� = eiK cos 
1X, B2

−�X� = 0; X � 0 �72�

on the incidence side of the strip. With cos 
2�0, the dis-
criminant �71� can only be positive. Both eigenvalues are
real. Inside the strip 0�X�L, the second-order differential
system for B1�X� and B2�X� must satisfy two initial condi-
tions at X=0: B1�0�=B1

−�0�=1 and B2�0�=0. With these we
find

B1�X� =
M11 − �2

�1 − �2
exp� i�1�0X

Cg
� −

M11 − �1

�1 − �2
exp� i�2�0X

Cg
� ,

�73a�

k1

k2

b1

b2

β1

β2

FIG. 6. �Color online� Forward-negative scattering by a square
lattice of spacing a1. The reciprocal space is spanned by b1

=2�i /a1, and b2=2�j /a1. k1 and k2 are the incident and forward
scattered wave vectors with wave number k=2� /�3a1, incident
angle 
1=� /3, and scattered wave angle 
2=−� /3.
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B2�X� =
�M11 − �1��M11 − �2�

M12��1 − �2�

�	− exp� i�1�0X

Cg
� + exp� i�2�0X

Cg
�
 .

�73b�

The energy intensity of the transmitted wave is

�B1�X��2 =
�M11 − �1�2 + �M11 − �2�2

��1 − �2�2

−
2�M11 − �1��M11 − �2�

��1 − �2�2 cos� ��1 − �2��0X

Cg
�

= 1 −
�2 cos�
1 − 
2� − 1�2

2� cos 
1 cos 
2
�1 − cos��1/2�0X

Cg
�
 ,

�74�

Use has been made of Eq. �70�, �M11−M22�2=�−4M12M21

from Eq. �71�, and �1−�2=�1/2. The forward-scattered wave
intensity at X is

�B2�X��2 =
��M11 − M22�2 − ��2

8M12
2 �

�1 − cos��1/2�0X

Cg
�


=
�2 cos�
1 − 
2� − 1�2

2� cos2 
2
�1 − cos��1/2�0X

Cg
�
 .

�75�

These two results have been confirmed by the law of energy
conservation �47�, which can be integrated to give

cos 
1�B1�0��2 + cos 
2�B2�0��2

= cos 
1�B1�X��2 + cos 
2�B2�X��2. �76�

The energy intensities of the transmitted wave �B1�X��2 in Eq.
�74� and the forward-scattered wave �B2�X��2 in Eq. �75� are
both oscillatory in X; the amplitude and period depend on the
magnitude of the discriminant �, which depends on the de-
tuning parameter � /�0 according to Eq. �71�.

We now present the numerical results for a square lattice
of spacing a1. The reciprocal lattice geometry is shown in
Fig. 6. In accordance with Ewald method we choose the
incident wave number to be k=2� /�3a1 and the inclination

1=� /3. The scattered wave is inclined at the angle 
2
=−� /3. The two real eigenvalues �1 and �2 computed from
Eq. �70� for a range of the detuning parameter � /�0 are
displayed in Fig. 7. The wave intensities �B1�X��2 and
�B2�X��2 are of course oscillatory in X, as shown in Figs. 8�a�
and 8�b�, respectively. As the detuning parameter � /�0 in-
creases, the scattered wave becomes weaker due to the in-
crease of � in the denominator. Spatial oscillations of
�B1�X��2 and �B2�X��2 become more intense with the eigen-
value difference �1−�2=�1/2 which increase with the detun-
ing, as shown in Fig. 7. Since no boundary condition is im-
posed at X=L, the strip width L does not affect the period

and magnitude of the wave intensities �B1�X��2 and �B2�X��2.
In other words, the solution holds for any finite width L.

To examine the effect of detuning on the scattered wave
intensity at the exit edge for some chosen width L, we get
from Eq. �75�

-10 -5 0 5 10
-40

-30

-20

-10

0

10

20

30

40

λ1

λ2

Ω
Ω0

λ
1
,λ

2

FIG. 7. Real eigenvalues �1 and �2 for the Bragg resonance in
Fig. 6.

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

X
L

X
L

Ω
Ω0

=0

Ω
Ω0

=0

1

1

5

5

|B
1
(X

)|2
|B

2
(X

)|2

(a)

(b)

FIG. 8. �a� Transmitted wave intensity �B1�X��2 and �b� the scat-
tered wave intensity �B2�X��2 over the cylinder strip with �0L /Cg

=8. The number next to a curve gives the detuning parameter
� /�0=0,1 ,5.
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�B2�L��2 =
�2 cos�
1 − 
2� − 1�2

2� cos2 
2
�1 − cos��1/2�0L

Cg
�
 .

�77�

The transmitted wave intensity is found from energy conser-
vation �76�:

�B1�L��2 = 1 −
cos 
2

cos 
1
�B2�L��2 �78�

after using B�0�=1 and B2�0�=0. The dependence of �B1�L��2
and �B2�L��2 on the detuning frequency � /�0 is plotted for
two strip widths �0L /Cg=2 and 4 in Fig. 9. It is evident that
significant scattering takes place when tuning is perfect ��
=0�. It can also be seen from Eq. �77� and Fig. 9 that for
certain special values of the strip width

L = 2��
Cg

�1/2�0
, � = 0,1, . . . , �79�

there is no scattering but perfect transmission, i.e., �B2�L��2
=0 and �B1�L��2=1. On the other hand, when the strip width
is

L = �2� + 1��
Cg

�1/2�0
, � = 0,1, . . . , �80�

scattering at the exit edge X=L is the greatest. The maximum
scattered wave intensity is

�B2�L��max
2 =

�2 cos�
1 − 
2� − 1�2

� cos2 
2
. �81�

The maximum �B2�L��2 and the corresponding strip width L
increase with decreasing � which depends on the detuning
frequency � /�0. When

�

�0
=

cos 
2/cos 
1 − 1

2�1 − cos�
1 − 
2��
, �82�

the first square bracket in Eq. �71� vanishes so that � reaches
its minimum

�min =
�2 cos�
1 − 
2� − 1�2

cos 
1 cos 
2
. �83�

Substituting Eq. �83� into Eq. �81�, we get the maximum
forward-scattered wave intensity

�B2�L��max
2 =

�2 cos�
1 − 
2� − 1�2

�min cos2 
2
=

cos 
1

cos 
2
. �84�

The corresponding strip width must be

L = �2� + 1��
Cg

�min
1/2 �0

=
�2� + 1��Cg

�0

�cos 
1 cos 
2

�2 cos�
1 − 
2� − 1�
, � = 0,1, . . . .

�85�

At these special values, �B1�L��2=0. Thus while the incident
wave enters the cylinder array in the direction 
1=� /3, only
the scattered wave exits at X=L in the direction 
2=−� /3.
The cylinder strip acts as a virtual interface separating two
media and causes an apparent negative refraction. This phe-
nomenon is reminiscent of, but different from, the negative
refraction occurring inside a medium with negative refrac-
tive index �42�.

To the right of the strip X�L, we obtain by solving Eqs.
�65a� and �65b� with the matching boundary conditions �60�
at X=L that

B1
+�X� = B1�L�eiK cos 
1�X−L�,

B2
+�X� = B2�L�eiK2�X−L�, X � L , �86�

where

K2 = K1 − sin 
1 sin 
2

cos 
2

. �87�

B1�L�, B2�L� are obtained from Eqs. �73a� and �73b� as dis-
cussed above. The direction of the scattered wave envelope
A2

+ is

-4 -2 0 2 4
0
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0.6

0.8
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0.4

0.6

0.8

1

Ω
Ω0

Ω
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|B
1
(L

)|2
, |B

2
(L

)|2
|B

1
(L

)|2
, |B

2
(L

)|2
Ω0L
Cg

= 2

Ω0L
Cg

= 4

FIG. 9. Dependence of transmitted wave intensity �B1�L��2 �solid
curve� and forward scattered wave intensity �B2�L��2 �dashed curve�
on the detuning � /�0 for strip width �0L /Cg=2 and �0L /Cg=4.
The two resonated wave vectors are shown in Fig. 6: 
1=� /3 and

2=−� /3.
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�2 = tan−1� sin 
1 cos 
2

1 − sin 
1 sin 
2



= tan−1� sin 
1

cos 
1

cos 
1 cos 
2

1 − sin 
1 sin 
2

 . �88�

Since cos�
1−
 j��1, it follows by simple trigonometry that

cos 
1 cos 
2

1 − sin 
1 sin 
2
� 1. �89�

Equation �88� implies 0��2�
1. Thus, although the scat-
tered wave is directed forward to the south-east �−� /2
�
2�0�, its envelope �hence energy� is directed to the
northeast at an angle no greater than the angle of incidence

1.

As a final remark, the scattering angle can also be in the
same quadrant as the incident wave, i.e., 0�
2�� /2
�northeast�. An example is shown in Fig. 10 where an inci-
dent wave of angle 
1=� /6 and wave number k=2��3
+1�� /a1 is scattered by the reciprocal vector K−1,1 in a
square lattice. The angle of the resonantly scattered wave is
found to be 
2=� /3 from Eq. �5�. The variations of the
wave intensities are however similar, and will not be elabo-
rated.

C. Backward scattering: cos �2�0

1. The band gap

With cos 
2�0, the discriminant �71� can have either
sign depending on the magnitude of the detuning frequency
� /�0. It can be seen that ��0 within the band gap defined
by

�c
−

�0
�

�

�0
�

�c
+

�0
, �90�

where

�c
�

�0
=

cos 
2

cos�
1 − 
2� − 1

���
�2 cos�
1 − 
2� − 1�
�− cos 
1 cos 
2

−
1

2 cos 
1
+

1

2 cos 
2

 .

�91�

Outside this band gap, ��0. The center of the band gap is at

�c
*

�0
=

�c
+ + �c

−

2�0

=
cos 
2

cos�
1 − 
2� − 1
�−

1

2 cos 
1
+

1

2 cos 
2



=
1

2�1 − cos�
1 − 
2��� cos 
2

cos 
1
− 1
 �92�

and is always negative since cos 
2�0. The width of the
band gap is

�c
+ − �c

−

�0
=

2 cos 
2

cos�
1 − 
2� − 1

�2 cos�
1 − 
2� − 1�
�− cos 
1 cos 
2

. �93�

Within the band gap, the eigenvalues �1 ,�2 are complex con-
jugates of each other. Outside the band gap the eigenvalues
are real.

As an example, we choose the square lattice of spacing a1
and a horizontal reciprocal vector K−1,0=−b1=−2�i /a1, as
shown in Fig. 11. Any point along the bisector of K−1,0 be-
low point Q can be used as the vertex of a triangle whose
two sides represent an incident wave vector k1 and a scat-
tered wave vector k2. The scattered wave k2 is inclined at the
angle 
2=�−
1. We choose for demonstration 
1=� /6 so
that 
2=5� /6 and the incident wave number is k
=2� /�3a1. It follows from Eq. �91� that the band gap bound-
aries are

�c
−

�0
= − 2,

�c
+

�0
=

2

3
. �94�

Since 
2=�−
1, we get from Eqs. �68a� and �68d� that

k1

k2

b1

b2

π
6

π
3

FIG. 10. �Color online� Forward-positive Bragg scattering in a
square lattice of spacing a1. The reciprocal vectors are b1=2�i /a1

and b2=2�j /a1. k1 and k2 are the incident and forward scattered
wave vectors with k=2��3+1�� /a1, 
1=� /6, and 
2=� /3.

b1

b2

k1k2 β1
β2

QK−1,0

FIG. 11. �Color online� Backward Bragg scattering by the recip-
rocal vector K−1,0 in a square lattice of spacing a1. The incident
wave angle 
1=� /6 and the scattered wave angle 
2=�−
1

=5� /6. The wave number k=2� /�3a1.
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M11 + M22 =
1

2
� 1

cos 
1
+

1

cos 
2



+ � �

�0

�cos 
1 +

1 − sin 
1 sin 
2

cos 
2

 = 0.

�95�

Therefore, Eq. �70� gives a pair of eigenvalues with opposite
signs:

�1,2 = ±
�1/2

2
. �96�

Within the band gap −2�� /�0�2/3, ��0, �1,2
= ± i���1/2 /2 are purely imaginary. Outside the band gap
� /�0�−2 or � /�0�2/3, ��0, both eigenvalues are real.
The computed values of �1 and �2 against the detuning
� /�0 are shown in Fig. 12.

2. Envelopes inside the strip

To complete the solution inside the strip, we impose the
boundary conditions:

B1�0� = 1, B2�L� = 0. �97�

The solutions are

B1�X� =
ei�1�0X/Cg

1 − ei�1/2�0L/Cg
M11 − �1

M11 − �2

+
ei�2�0X/Cg

1 − e−i�1/2�0L/Cg
M11 − �2

M11 − �1

,

�98a�

B2�X� = −

M11 − �1

M12
ei�1�0X/Cg

1 − ei�1/2�0L/Cg
M11 − �1

M11 − �2

−

M11 − �2

M12
ei�2�0X/Cg

1 − e−i�1/2�0L/Cg
M11 − �2

M11 − �1

. �98b�

To the left of the strip X�0, there is a reflected wave

B2
−�X� = B2�0�eiK2X, �99�

where B2�0� is found from Eq. �98b�:

B2�0� = −

M11 − �1

M12

1 − ei�1/2�0L/Cg
M11 − �1

M11 − �2

−

M11 − �2

M12

1 − e−i�1/2�0L/Cg
M11 − �2

M11 − �1

= −
1

M12
	� 1

M11 − �1
−

ei�1/2�0L/Cg

M11 − �2

−1

+ � 1

M11 − �2
−

e−i�1/2�0L/Cg

M11 − �1

−1
 . �100�

To the right of the strip X�L, there exists only the trans-
mitted wave found from Eq. �65a�

B1
+�X� = B1

+�L�eiK cos 
1�X−L� = B1�L�eiK cos 
1�X−L�,

�101�

by using the matching condition B1
+�L�=B1�L� on the right

boundary. The transmitted wave amplitude at X=L is ob-
tained from Eq. �98b�:

B1�L� =
ei�1�0L/Cg

1 − ei�1/2�0L/Cg
M11 − �1

M11 − �2

+
ei�2�0L/Cg

1 − e−i�1/2�0L/Cg
M11 − �2

M11 − �1

.

�102�

Again the two are related by energy conservation

�B2�0��2 = −
cos 
1

cos 
2
�1 − �B1�L��2� . �103�

Figure 13 shows the spatial variation of the transmission
intensity �B1�X��2 and the reflection intensity �B2�X��2 across
the strip for various detunings � /�0=−3,0.5,2. It follows
from the energy conservation relation �76� and the relation

2=�−
1 that

cos 
1�B1�X��2 + cos 
2�B2�X��2

= cos 
1��B1�X��2 − �B2�X��2� = const in X , �104�

which implies that �B1�X��2− �B2�X��2 is the same for all X
inside the strip, as can be seen in Fig. 13. The wave intensi-
ties are oscillatory in X for � /�0=−3 and 2 which are out-
side the band gap, and attenuate monotonically for � /�
=0.5 which is inside the band gap. Figure 14 �left� shows the
dependence of reflection intensity at the incident edge X=0
on the detuning � /�0 for different strip widths: �0L /Cg
=1,2 ,8, while Fig. 14 �right� shows the transmission inten-
sity at the exit edge X=L. Clearly transmission through the
strip decreases rapidly when the detuning frequency is inside
the band gap −2�� /�0� 2 � 3, and the minimum is smaller
for a wider strip. Outside the band gap, the transmission

-4 -2 0 2 4

-4

-2

0

2

4

Ω
Ω0

R
e(

λ
1
,2
) ,

Im
(λ

1
,2
) Re(λ1)Re(λ1)

Re(λ2) Re(λ2)

Im(λ1)

Im(λ2)

2
3

FIG. 12. Dependence of eigenvalues �1, �2 on detuning fre-
quency � /�0 for the backward-scattered waves shown in Fig. 11.
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intensity oscillates with respect to the detuning frequency.
Consistent with energy conservation �103�, the reflection in-
tensity at X=0 becomes large when � /�0 is inside the band
gap and increases with increasing strip width. When
�0L /Cg=8, reflection is nearly total and transmission is es-
sentially zero.

VII. TWO SCATTERED WAVES

A. Coupled-mode equations and boundary conditions
for the wave envelopes

Next in complexity is the case of three-wave resonance
involving one incident and two scattered waves. In accor-
dance with Ewald procedure, if a circle can be drawn to pass
three noncollinear nodes Pj , j=1,2 ,3 in the reciprocal lat-

tice, then k j =OPj
� are the three wave vectors having the

same k. One of them with angle between �0,� /2� will be
designated as the incident wave k1. The vector difference of
any two is a reciprocal lattice vector.

Three types of scattering are possible.
�1� Type I �forward-forward�: Both resonated waves k2

and k3 are scattered forward as shown in Fig. 15�a�. The
directional cosines are cos 
2�0, cos 
3�0. This case is
similar to Laue-Laue scattering in x-ray crystallography �43�.

�2� Type II �forward-backward�: One resonated wave k2 is
reflected and the other k3 is scattered forward, shown in Fig.
15�b�. The direction cosines cos 
2�0, cos 
3�0. This case
is similar to Laue-Bragg scattering in crystallography.

�3� Type III �backward-backward�: Both resonated waves
are reflected, as shown in Fig. 15�c�. The direction cosines
cos 
2�0, cos 
3�0. This case is similar to Bragg-Bragg
scattering in crystallography.

For the given incident wave envelope

A1
− = A0ei�K cos 
1X+K sin 
1Y−�T� �105�

we let the wave envelopes in the three regions be

�Aj
−

Aj

Aj
+ � = �Bj

−�X�
Bj�X�
Bj

+�X�
�A0ei�K sin 
1Y−�T�,

− � � X � 0,

0 � X � L ,

L � X � � ,

�106�

where j=1,2 ,3. It follows from Eq. �45� that outside the
strip, the factors Bj

� are governed by the uncoupled equa-
tions

dBj
�

dX
=

iK�1 − sin 
1 sin 
 j�
cos 
 j

Bj
�, j = 1,2,3. �107�

Within the strip 0�X�L, the three waves are coupled by
the third-order differential system

d

dX�B1

B2

B3
� =

i�0

Cg
M�B1

B2

B3
� , �108�

where M is a 3�3 matrix with entries given by

Mjj =
1

2 cos 
 j
+ � �

�0

1 − sin 
1 sin 
 j

cos 
 j
, j = 1,2,3,

�109a�

Mj� =
2 cos�
 j − 
�� − 1

2 cos 
 j
, j � � . �109b�

In the open waters, the solutions of Bj
� are

Bj
−�X� = Bj

−�0�exp� iK�1 − sin 
1 sin 
 j�X
cos 
 j

�, X � 0,

�110a�
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0

0.5
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|B
1
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)|2
, |B

2
(X

)|2

X
L

Ω
Ω0

= −3

FIG. 13. Spatial distribution of the scattered wave intensities
across the strip for the scattering configuration in Fig. 11. Detuning
frequencies are � /�0=−3,2 �outside the band gap� and � /�0

=0.5 �inside the band gap�. The dimensionless strip length is
�0L /Cg=2. Solid curves, transmission intensity �B1�X��2; dashed
curves, reflection intensity �B2�X��2.
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FIG. 14. Reflection intensity �B2�0��2 at the
incident edge of strip �left�, and transmission in-
tensity �B1�L��2 at the exit edge of strip �right� for
various detuning � /�0 and strip widths. Dashed
curve, �0L /Cg=1; dash-dot curve, �0L /Cg=2;
solid curve, �0L /Cg=8. Configuration of Bragg
scattering is shown in Fig. 11.
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Bj
+�X� = Bj

+�L�exp� iK�1 − sin 
1 sin 
 j��X − L�
cos 
 j

�, X � L .

�110b�

The direction of the envelope of the jth scattered wave is

� j = tan−1
K sin 
1

K1 − sin 
1 sin 
 j

cos 
 j

= tan−1� sin 
1 cos 
 j

1 − sin 
1 sin 
 j

, j = 2,3, �111�

which is in general different from the direction of the wave
vector k j. Since

� tan 
 j

tan 
1
� = � sin 
1 cos 
 j

1 − sin 
1 sin 
 j

cos 
1

sin 
1
�

= � cos 
1 cos 
 j

1 − sin 
1 sin 
 j
� � 1, �112�

the angles of scattered wave envelopes �hence energy� are
smaller than the angle of the transmitted wave �1=
1.

Inside the strip 0�X�L, the general solution of Eq.
�110� is of the form

B � �B1,B2,B3�T

= C1V�1�ei�1�0X/Cg + C2V�2�ei�2�0X/Cg + C3V�3�ei�3�0X/Cg,

�113�

where � j and V�j� , j=1,2 ,3 are the distinct eigenvalues and
the corresponding eigenvectors of the matrix M, respec-
tively. The coefficients Cj , j=1,2 ,3 will be determined by
boundary conditions at the edges of the cylinder strip. If two
or three eigenvalues are equal, the solution assumes a differ-
ent form; these special cases will not be pursued.

The eigenvalues condition

det��I3�3 − M� = 0, �114�

is equivalent to the cubic equation

�3 + �2�2 + �1� + �0 = 0, �115�

with the coefficients

�2 = − �M11 + M22 + M33� , �116a�

�1 = det��M11 M12

M21 M22
�
 + det��M11 M13

M31 M33
�


+ det��M22 M23

M32 M33
�
 , �116b�

�0 = − det�M� . �116c�

The reality of the eigenvalues � j , j=1,2 ,3, depends on the
sign of the following discriminant �Sec. 3.8.2 in �45��:

�3 = 4�1
3 − �1

2�2
2 + 4�0�2

3 − 18�0�1�2 + 27�0
2, �117�

which is a function of the detuning frequency � /�0. If �3
�0, all three eigenvalues are real. The eigensolutions �113�
are oscillatory in X with wave number �1�0 /Cg, �2�0 /Cg
and �3�0 /Cg and have constant amplitudes. If �3�0, only
one eigenvalue is real and the other two are complex conju-
gates. Only one of eigensolution �113� is oscillatory in X
with constant amplitude. The remaining two are oscillatory
with exponentially decaying or growing amplitude; waves
are evanescent. Corresponding to the eigenvalue � j, the ei-
genvector is

V�j� = �V1
�j�,V2

�j�,V3
�j��T

= � � jM13 + M12M23 − M13M22

� jM23 + M13M21 − M11M23

�� j − M11��� j − M22� − M12M21
�, j = 1,2,3.

�118�

For the three types of scattering configuration, the follow-
ing boundary conditions are needed to find the coefficients
C1, C2, and C3.

�1� Type I: Forward-forward scattering

B1�0� = 1, B2�0� = 0, B3�0� = 0. �119�

Mathematically, these amount to initial conditions.
�2� Type II: Forward-backward scattering

B1�0� = 1, B2�L� = 0, B3�0� = 0. �120�

Here B2�X� denotes the backward-scattered wave and B3�X�
the forward-scattered.

�3� Type III: Backward-backward scattering

B1�0� = 1, B2�L� = 0, B3�L� = 0. �121�

We shall examine each of the three types separately. For
checking the correctness of calculations it is useful to make
use of the law of wave energy conservation �47� which can
be integrated to give

�
j=1

3

cos 
 j�Bj�X��2 = �
j=1

3

cos 
 j�Bj�0��2 = �
j=1

3

cos 
 j�Bj�L��2

�122�

applicable equally to all three types.

B. Type I: Forward-forward scattering

As the first example, let us consider a rectangular lattice
of x spacing a1 and y spacing a1 /2. The primitive vectors of

k1k1

k1

k2 k2 k2

k3 k3 k3

OOO

P1P1

P1
P2

P2
P2

P3 P3P3
(a) (b) (c)

FIG. 15. Three types of three-wave Bragg resonance: �a� Both
k2 and k3 are scattered forward; �b� k2 is reflected and k3 is scat-
tered forward; �c� both k2 and k3 are reflected.
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the reciprocal lattice space is b1=2�i /a1 and b2=4�j /a1. In
Fig. 16, the reciprocal lattice and the Ewald circle passing

three nodes P1, P2, and P3 are shown, where P1P2
� =K−2,1

and P1P3
� =K−1,−1 are the reciprocal lattice vectors of Bragg

resonance. The center of the Ewald circle �point S� can be

found by solving �SP1
� �= �SP2

� �= �SP3
� �, where the vectors from

point O are OP1
� =2b1, OP2

� =b2, and OP3
� =b1−b2, respec-

tively. It can be easily found that the center S is located at

OS�= �−�i /3a1 ,−�j /3a1�; the magnitude of k j is

k = �SP1
� � = �OP1

� − OS��

=�� 4�

a1

− �−
�

3a1


�2

+ �0 − �−
�

3a1


�2

=
�170�

3a1

.

�123�

The directions of k1, k2, and k3 are easily found:


1 = arg�SP1
�� = tan−1 1

13
� 4.4 ° ,


2 = arg�SP2
�� = tan−1 13 � 85.6 ° ,


3 = arg�SP3
�� = − tan−1 11

7
� − 57.53 ° . �124�

With these results the discriminant �117� is plotted against
the detuning parameter � /�0 in Fig. 17. The corresponding
three eigenvalues are plotted in Fig. 18. For all detuning
frequencies, the discriminant is negative, hence all three ei-
genvalues are real. The coefficients in Eq. �113� can be found
from the boundary �or, rather, initial� conditions �119�, all
imposed on the left side X=0. The results are

�C1

C2

C3
� =

�V2
�2�V3

�3� − V2
�3�V3

�2�

V2
�3�V3

�1� − V2
�1�V3

�3�

V2
�1�V3

�2� − V2
�2�V3

�1� �
det�V1

�1� V1
�2� V1

�3�

V2
�1� V2

�2� V2
�3�

V3
�1� V3

�2� V3
�3� �

, �125�

where V�j� is defined in Eq. �118�.
For better understanding of the derived result, we first

display in Fig. 19 the three coefficients for the transmitted
wave: C1V1

�1�, C2V1
�2�, and C3V1

�3�, which appear in Eq. �113�,
for a range of detuning parameter � /�0. Since the solution
is determined only by the initial values at X=0, the results
are independent of L, i.e., the strip width can be terminated at
any X.

Figure 20 shows the spatial variation of the energy inten-
sities of the transmitted wave �B1�X��2 and of the two
forward-scattered waves �B2�X��2 and �B3�X��2 for a range of
detuning frequencies � /�0. We stress that the width of the
strip can be different from the extent of the plot, 0�X�10.
When the detuning is large, such as � /�0=−4.30, −3.35,
and 2.35, transmission is nearly perfect and scattering is

b1

b2
k1

k2

k3
K−1,−1

K−2,1

P1

P2

P3

O
S

FIG. 16. �Color online� Configuration in the reciprocal lattice
for type I �forward-forward� scattering. The direct primitive vectors
are a1=a1i and a2= 1

2a1j. The reciprocal primitive vectors are b1

=2�i /a1 and b2=4�j /a1. The resonated wave vectors are k1

= �13� /3a1�i+ �� /3a1�j, k2= �1� /3a1�i+ �13� /3a1�j, and k3

= �7� /3a1�i+ �11� /3a1�j. The wave number at resonance is k
=�170� /3a1.

-4 -2 0 2 4
-5

-4

-3

-2

-1

0
x 10

6

Ω
Ω0

∆
3

FIG. 17. Discriminant �117� for type I scattering shown in
Fig. 16.
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FIG. 18. Three eigenvalues in type I �forward-forward� scatter-
ing for the geometry shown in Fig. 16.
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weak. �Bj�X��2 oscillates with X sinusoidally according to Eq.
�113�. The amplitudes of the forward-scattered waves be-
come significant only for smaller detuning � /�0=−1.45,
−0.50 and 0.45. When � /�0=−2.40, the transmission wave
vanishes at �0X /Cg�4.70 while the scattered waves are the
greatest. Thus the strip length and detuning frequency can be
so chosen as to convert most of the incident wave energy to
scattered waves at the exit. Since sin 
2�0 and sin 
3�0,
k2 corresponds to positive forward scattering �northeast�, and
k3 to negative �southeast� forward scattering. Similar result

is found for � /�0=1.40 at �0X /Cg�4.0. Note in Fig. 18
and Fig. 19 that, near � /�0=−2.40, the coefficients C1V1

�1�

and C2V1
�2� are very nearly the same and equal to 0.50. The

eigenvalues �1 and �2 are also close to each other. On the
other hand, the third coefficient C3V1

�3� is nearly zero. There-
fore, the transmitted wave B1 is dominated by the first two
eigenvectors; its intensity can be approximated by

�B1�X��2 � �C1V1
�1�ei�1�0X/Cg + C2V1

�2�ei�2�0X/Cg�2

�
1

4
�1 + ei��2−�1��0X/Cg�2

= cos2 ��1 − �2��0X

2Cg
. �126�

At � /�0=−2.40, the first two eigenvalues are �1=−1.494
and �2=−2.1634. It follows from Eq. �126� that the mini-
mum transmitted wave amplitude occurs around �0X /Cg
=� / ��1−�2�=4.6931 as seen in Fig. 20. Similar approxima-
tion also predicts the oscillatory variation of �B1�X��2 at
� /�0=1.40. Since C2V1

�2��C3V1
�3�� 1

2 , C1V1
�1��0 and �2

=2.2166, �3=1.4253. Similar to Eq. �126�, the first minimum
transmission intensity occurs around �0X /Cg=� / ��2−�3�
=3.97, as is indeed shown in Fig. 20.

Figure 21 shows the dependence of the transmitted and
scattered wave intensities on the detuning frequency for two
different strip widths �0L /Cg=2 and 4. There are two nar-
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FIG. 19. Three coefficients of the transmitted wave in type I
scattering shown in Fig. 16.
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FIG. 20. Variation of wave intensities �Bj�X��2 , j=1,2 ,3 along
the strip for various detuning � /�0 of type I forward-forward scat-
tering in Fig. 16. Thick solid curve, �B1�X��2; dashed curve,
�B2�X��2; thin solid curve, �B3�X��2.
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FIG. 21. Dependence of wave intensities for type I Bragg scat-
tering on the detuning frequency � /�0 for two strip widths
�0L /Cg=2 �top� and �0L /Cg=4 �bottom�. Thick solid curve,
�B1�L��2; dashed curve, �B2�L��2; thin solid curve, �B3�L��2. The ge-
ometry of waves in the reciprocal lattice is shown in Fig. 16.
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row valleys near � /�0�−2.4 and � /�0�1.4 where trans-
mission at the exit edge is weak and scattering is strong.
These results can be better understood by the coefficients
shown in Fig. 19. Away from the center of a valley, �B1�L�� is
approximately unity, being dominated by just one of the co-
efficients C1V1

�1�, C1V1
�2�, or C1V1

�3�. Near the center of a val-
ley, the transmission intensity can be estimated by Eq. �126�.
Thus for � /�0�−2.40, one finds �1=−1.494,�2=−2.1634
from Fig. 18; hence

�B1�L��2 � �cos
��1 − �2�

2

�0L

Cg
�2

= �0.6150,
�0L

Cg
= 2

0.0529,
�0L

Cg
= 4.�

For � /�0=1.4, one finds �2=2.2166 and �3=1.4253; hence

�B1�L��2 � �cos
��2 − �3�

2

�0L

Cg
�2

= �0.4941,
�0L

Cg
= 2

0.0001,
�0L

Cg
= 4.�

These estimates agree well with the numerical result in Fig.
21. From the preceding formulas, the valley on the left is the
deepest if the strip width is such that �0L /Cg= �2n
+1�� / ��1−�2� , n=0,1 , . . ., corresponding to vanishing
transmission. The valley disappears if for �0L /Cg
=2n� / ��1−�2� , n=0,1 , . . . . By replacing �1−�2 with �2

−�3, the same results held for the valley on the right.

C. Type II: Forward-backward scattering

For this example, we choose a square lattice of spacing
a1. The Ewald circle passing the three nodes P1, P2, and P3

in the reciprocal lattice is shown in Fig. 22, where P1P3
�

=K−1,1 and P1P2
� =K−2,−1. The coordinates of the center S of

the Ewald circle can be found by solving �SP1
� �= �SP2

� �
= �SP3
� �, where the nodes P1, P2, P3 are located at b1, −�b1

+b2�, and b2, respectively. The center S is found to be at

OS�= �−�i /3a1 ,−�j /3a1�. Thus the wave number at reso-
nance is

k = �SP1
� �

=�� 2�

a1

− �−
�

3a1


�2

+ �0 − �−
�

3a1


�2

=
5�2�

3a1

.

�127�

The corresponding angles of k1, k2, and k3 are


1 = arg�SP1
�� = tan−1 1

7
� 8.13 ° ,


2 = arg�SP2
�� = −

3�

4
= − 135 ° ,


3 = arg�SP3
�� = tan−1 7 � 81.87 ° . �128�

As shown in Fig. 23 the discriminant �3 according to Eq.
�117� is positive within the band gap −2.2056�� /�0
�1.4516 and negative outside. Within the band gap the ei-
genvalue �3 is real and �1 ,�2 are complex conjugates, as
shown in Fig. 24. By imposing the boundary conditions
�120�, the coefficients Cj are found:

�C1

C2

C3
� =

�ei�2�0L/CgV2
�2�V3

�3� − ei�3�0L/CgV2
�3�V3

�2�

ei�3�0L/CgV2
�3�V3

�1� − ei�1�0L/CgV2
�1�V3

�3�

ei�1�0L/CgV2
�1�V3

�2� − ei�2�0L/CgV2
�2�V3

�1� �
det� V1

�1� V1
�2� V1

�3�

ei�1�0L/CgV2
�1� ei�2�0L/CgV2

�2� ei�3�0L/CgV2
�3�

V3
�1� V3

�2� V3
�3� �

.

�129�

Figure 25 shows the moduli of the three coefficients for the
transmitted wave: C1V1

�1�, C2V1
�2�, and C3V1

�3�. At the bound-
aries of the band gap �see Fig. 24�, the first two eigenvalues
coalesce, �1→�2

*; hence V�1�→V�2�. The denominator of Eq.

b1

b2

k1

k2

k3

K−2,−1

K−1,1

S
O P1

P2

P3

FIG. 22. Type II Bragg resonance in a square lattice of primitive
vectors a1=a1i and a2=a1j. The primitive reciprocal vectors
are b1=2�i /a1 and b2=2�j /a1. The resonated wave vectors
are k1= �7� /3a1�i+ �� /3a1�j, k2=−�5� /3a1�i− �5� /3a1�j, and
k3= �� /3a1�i+ �7� /3a1�j. The wave number at resonance is
k=5�2� /3a1.
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FIG. 23. Discriminant �117� for type II forward-backward scat-
tering. The resonated wave vectors are shown in Fig. 22.
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�129� tends to zero and the coefficients become unbounded,
as displayed in Fig. 25. In principle, a finite solution different
in form from Eq. �113� can be found, but is omitted here.
Outside the band gap, all three eigensolutions are oscillatory
in X but their relative magnitudes are different, as can be
seen from Fig. 25.

Figure 26 shows the spatial variation of the wave intensi-
ties �B1�X��2, �B2�X��2, and �B3�X��2 across a strip of width
�0L /Cg=2. When the detuning is � /�0=−3.0,3.0, hence
large and outside the band gap, the scattered waves �B2�X��2
and �B3�X��3 are both weak. �B1�X�� is close to unity. These
are consistent with the coefficients shown in Fig. 25. Inside
but close to the borders of the band gap, when � /�0

�−2.0,1.0, �C1V1
�1� � �1, and �C2V1

�2��, �C3V1
�3���0. Thus the

transmitted wave �B1�X��2 consists mainly of eigenfunction
exp�i�1�0X /Cg�, which attenuates along X due to Im��1�
�0. In the central region within the band gap, � /�0

=−1.0,0.0, �C1V1
�1�� is small but finite, �C2V1

�2� � �0 and
�C3V1

�3� � �1. The transmitted wave intensity consists of a
large harmonic component of �nearly� unit amplitude and a
small spatially decaying component, as shown in Fig. 26.
Since �3�0, the forward-scattered wave �B3�X��2 is essen-
tially uniform along X except near the left entry of the strip.
The reflected wave intensity �B2�X��2 is weak. Near the bor-

ders of the band gap, � /�0=−2.206,1.451 where �3 be-
comes very small, the attenuation of �B1�X��2 becomes nearly
linear along X. This is to be expected since �1��2, and
�C3V1

�3� � �0.
The dependence of the wave intensities on the detuning

frequency is displayed in Fig. 27 for a strip of width
�0L /Cg=2. In the range where �3�0, the dependence of
intensities on � /�0 is oscillatory. For large detuning, both
forward-scattered �B3�L��2 and backscattered �B2�0��2 waves
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FIG. 24. Three eigenvalues for type II forward-backward scat-
tering shown in Fig. 22. Solid curves are for the real parts and
dashed curves are for the imaginary parts of eigenvalues.
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FIG. 26. Variation of wave intensities across the strip in type II
scattering, for different � /�0. Strip width is �0L /Cg=2. Thick
solid curve, �B1�X��2 �transmitted�; dashed curve, �B2�X��2 �re-
flected�; thin solid curve, �B3�X��2 �scattered forward�. The recipro-
cal lattice and wave vectors are shown in Fig. 22.

-4 -2 0 2 4
0

0.5

1

1.5

2

Ω
Ω0

|B
1
(L

)|2
, |B

2
(0

)|2
, |B

3
(L

)|2

FIG. 27. Dependence of wave intensities in type II scattering on
the detuning frequency � /�0 for �0L /Cg=2. Heavy solid curve,
�B1�L��2 �transmitted�; dashed curve, �B2�0��2 �reflected�; thin solid
curve, �B3�L��2 �scattered forward�. The reciprocal lattice and wave
vectors are shown in Fig. 22.

YILE LI AND CHIANG C. MEI PHYSICAL REVIEW E 76, 016302 �2007�

016302-18



are weak, and transmission is nearly complete. Within the
ranges −2.2�� /�0�1.8 and 1.0�� /�0�1.45, the decay-
ing component C1V1

�1� exp�i�1�0X /Cg� is dominant from
Fig. 25 and the transmission intensity �B1�L��2 decreases rap-
idly in X. Meanwhile, both �B2�0��2 and �B3�L��2 increase
significantly in accordance with the law of energy conserva-
tion �122�.

D. Type III: Backward-backward scattering

Again we choose a square lattice of spacing a1. The
Ewald circle passing three nodes P1, P2, and P3 in the recip-

rocal lattice is plotted in Fig. 28, where P1P2
� =K−2,−1 and

P1P3
� =K−1,−2. The coordinates of the center S of the Ewald

circle can be found by solving �SP1
� �= �SP2

� �= �SP3
� �, where the

nodes P1, P2, P3 are located at b1+b2, −b1, −b2, respec-

tively. The coordinates of the center S are found to be OS�

= ��i /3a1 ,�j /3a1�. Hence the modulus of the wave number
at resonance is

k = �SP1
� � =��2�

a1
−

�

3a1

2

+ �2�

a1
−

�

3a1

2

=
5�2�

3a1
.

�130�

The corresponding angles of k1, k2, and k3 are


1 = arg�SP1
�� =

�

4
= 45 ° , �131a�


2 = arg�SP2
�� = − � + tan−1 1

7
� 171.87 ° , �131b�


3 = arg�SP3
�� = −

�

2
− tan−1 1

7
� − 98.13 ° . �131c�

Both k2 and k3 are backward.
As shown in Fig. 29 calculated from Eq. �117�, the dis-

criminant �3 is mostly positive when the detuning � /�0 is
between −2.63 and 1.59, where one eigenvalue is real and
two are complex conjugates. There is a narrow range

−0.9578�� /�0�−0.9543 where �3 is negative and all
three eigenvalues are real. The corresponding eigenvalues
are plotted in Fig. 30.

After applying the boundary conditions �121�, the coeffi-
cients C1, C2, C3 are found:

�C1

C2

C3
� =

�ei��2+�3��0L/Cg�V2
�2�V3

�3� − V2
�3�V3

�2��
ei��1+�3��0L/Cg�V2

�3�V3
�1� − V2

�1�V3
�3��

ei��1+�2��0L/Cg�V2
�1�V3

�2� − V2
�2�V3

�1��
�

det� V1
�1� V1

�2� V1
�3�

ei�1�0L/CgV2
�1� ei�2�0L/CgV2

�2� ei�3�0L/CgV2
�3�

ei�1�0L/CgV3
�1� ei�2�0L/CgV3

�2� ei�3�0L/CgV3
�3� �

.

�132�

The moduli of the three coefficients of the transmitted wave
are plotted in Fig. 31 against the detuning � /�0. To the left
�right� of the band gap, the component with coefficient
C2V1

�2� �C1V1
�1�� is dominant and close to one, which implies

b1

b2 O
S

P1

P2

P3

k1

k2

k3

K−1,−2

K−2,−1

FIG. 28. �Color online� Type III scattering in a square lattice of
primitive vectors a1=a1i and a2=a1j. The primitive vectors of the
reciprocal lattice are b1=2�i /a1 and b2=2�j /a1. The resonated
wave vectors k1= �5� /3a1�i+ �5� /3a1�j, k2=−�7� /3a1�i
− �� /3a1�j, and k3=−�� /3a1�i− �7� /3a1�j. The wave number at
resonance is k=5�2� /3a1.
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FIG. 29. Discriminant �117� for type III backward-backward
Bragg scattering in Fig. 28.
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that the transmission is nearly complete. Inside the band gap,
the magnitude of the coefficient C3V1

�3� for the oscillatory
component is close to zero. Thus only the spatial attenuating
component with the coefficient C2V1

�2� is dominant when
−2.63�� /�0�0.96, and the component with coefficient
C1V1

�1� is dominant when 0.96�� /�0�1.59.
Figure 32 shows the spatial distribution of the transmis-

sion intensity �B1�X��2 and the two reflection intensities
�B2�X��2, �B3�X��2 across the strip of width �0L /Cg=2. When
� /�0=−4,−3,2 ,3 �outside the band gap�, reflection is weak
and the transmitted wave propagates through the strip with-
out significant attenuation. When � /�0=−2,−1,0 ,1 �inside
the band gap�, the transmission intensity decay rapidly across
the strip and reflection at the left edge of the strip is signifi-
cant.

The dependence of the wave intensities on the detuning
frequency is displayed for strip width �0L /Cg=2 in Fig. 33.
Outside the band gap, the intensities oscillate with � /�0.
Inside the band gap, transmission is nearly forbidden with
�B1�L��2�0. Because B2�L�=B3�L�=0 according to the
boundary conditions, nearly complete reflection is achieved.
Furthermore, the two reflected waves on the incidence side
of the strip are simply related by energy conservation,

cos 
1�B1�0��2 + cos 
2�B2�0��2 + cos 
3�B3�0��2

= cos 
1�B1�L��2 + cos 
2�B2�L��2 + cos 
3�B3�L��2.

�133�

Using �B1�0��2=1, �B1�L��2�0 and the values of 
 j in Eqs.
�131a�–�131c�, we get

�B3�0��2 � 5 − 7�B2�0��2. �134�

We have performed calculations for a wider strip with
�0L /Cg=5. The results are similar, hence omitted.

VIII. CONCLUDING REMARKS

We have developed an asymptotic theory for the two-
dimensional scattering of infinitesimal water waves by a

two-dimensional array of small cylinders in finite water
depth. By the perturbation method of multiple scales, equa-
tions governing the evolution of the envelopes of N reso-
nantly interacting waves are derived �see Eq. �43��. The basic
assumption is that the cylinder radius is much smaller than
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FIG. 31. Moduli of the three coefficients of the transmitted wave
of a type III backward-backward three wave Bragg scattering
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YILE LI AND CHIANG C. MEI PHYSICAL REVIEW E 76, 016302 �2007�

016302-20



either the incident wavelength or the cylinder spacing, i.e.,
ka=	
1. From Bloch’s condition and Ewald’s construction,
the number N of resonantly interacting waves increases with
k, hence the present theory should be limited to moderate
values of N for a given array and cylinder radius.

Analytical results are discussed for rectangular arrays
forming a long strip of finite width, which may be an ideal-
ized model of one type of an offshore airport. A train of
incident wave slightly detuned is assumed to arrive from one
side of the strip. For two-wave resonance �N=2, one scat-
tered wave�, both forward- �e.g., Figs. 6 and 10� and
backward-resonance �e.g., Fig. 11� are studied. For three-
wave resonance �N=3, two scattered waves� possible con-
figurations include forward-forward �e.g., Fig. 16�, forward-
backward �e.g., Fig. 22� and backward-backward scattering
�e.g., Fig. 28�. Numerical results are calculated from the ana-
lytical formulas to illustrate the effects of detuning of the
incident waves in and outside the band gap.

The analytical method here can be applied to two-
dimensional sound waves in air, or SH elastic waves, with
minor modifications. In addition to facilitating physical un-
derstanding, the present asymptotic theory is more efficient
and accurate for more scatterers, unlike numerical ap-
proaches. If the region of the cylinder array is not bounded
by parallel straight lines, the envelope problem involves two-
dimensional diffraction in the slow coordinate. For a circular
domain, analytical solution is feasible. For a more general
domain numerical tools are needed to solve the coupled-
mode equations.

For ocean engineering applications, the additional effects
of vortex shedding around small cylinders must be accounted
for in the future, not only for better modeling of the wave
forces but for the variation of wave amplitudes in the region
of scatterers. This would be comparable to but different from
the viscous dissipation in boundary layers around an array of
large and truncated cylinders described in �46�. In addition,
long waves and drift forces, induced by long groups of short
incident waves, are second-order nonlinear effects of impor-
tant concern to the design of potential offshore airports rest-
ing on piles. These effects require extensions which will be
reported elsewhere.
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APPENDIX A: AN INTEGRAL IDENTITY

As shown in Fig. 34, the unit cell area A=AF+�a2 in
�x ,y� coordinates can be mapped onto a unit square in
��1 ,�2� by

r�x,y� = �1a1 + �2a2. �A1�

Thus the integral over A on the right side of Eq. �35� be-
comes

� �
A

ei�kh−kj�·rdS = �a1 � a2��
0

1

d�1�
0

1

d�2ei�kh−kj�·��1a1+�2a2�.

�A2�

Making use of the Bragg resonance condition �6� and noting
that A= �a1�a2�, the above integral becomes

� �
A

ei�kh−kj�·rdS = A�
0

1 �
0

1

eiKj,h·��1a1+�2a2�d�1d�2

= A�
0

1

ei�1�Kj,h·a1�d�1�
0

1

ei�2�Kj,h·a2�d�2.

�A3�

The single integral in Eq. �A3� can be calculated

�
0

1

ei�n�Kj,h·an�d�n = � ei�Kj,h·an� − 1

iK j,h · an
, j � h ,

1, j = h ,
� for n = 1,2.

�A4�

Making use of the identity eiKj,h·an =1 in Eq. �4�, the above
integral on the left becomes

�
0

1

ei�n�Kj,h·an�d�n = � jh, n = 1,2, �A5�

where � jh is the Kronecker delta. Finally, the integral �A3�
becomes

� �
A

ei�kh−kj�·rdS = �� jh�2A = � jhA . �A6�

APPENDIX B: EVALUATION OF COEFFICIENTS

To evaluate the surface integral over the circular cylinder
SB,

IB = −� �
SB

��2
�� j

*

��
− � j

*��2

��

dS , �B1�

use must be made of the inner approximations �2
in for �2,

i.e., Eqs. �31� and �29�. On the cylinder surface �=a, we get

O

1

1 ξ1

ξ2

a1

a2

SF

r = ξ1a1 + ξ2a2

FIG. 34. Mapping from a unit square in ��1 ,�2� toward the unit
cell in �x ,y�.
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�� j
*��=a = �Z�z�e−ikj·�r�+R���=a

= Z�z�e−ikj·R�1 − ika cos�� − 
 j� + O�	2�� �B2�

and

� �� j
*

��
�

�=a
= �Z�z��− ik cos�� − 
 j��e−ikj·�r�+R���=a = Z�z�e−ikj·R�− ik cos�� − 
 j���1 + O�	�� . �B3�

With the help of Eqs. �31� and �B3�, we first calculate the surface integral of �2��� j
* /���

� �
SB

�2
�� j

*

��
dS = �

−H

0

dz�
0

2�

�2
in�� j

*

��
ad�

= �
−H

0

Z2�z�dz�
h=1

N 	Ahei�kh−kj�·Rm1,m2�
0

2� � ka

	
cos�� − 
h�cos�� − 
 j� −

ika

2
ln 	 cos�� − 
 j� + O�ka��d�


= �
h=1

N

�Ah cos�
 j − 
h��
−H

0

Z2�z�dz + O�	� . �B4�

Use is made of the identities ka=	, �0
2� cos��−
 j�cos��−
h�d�=� cos�
 j −
h�, �0

2� cos��−
 j�d�=0, and ei�kj−kh�·R

=eiKj,h·R=1. Next we calculate the surface integral of � j
*���2 /��� over SB, by using Eqs. �29� and �B2�,

� �
SB

� j
*��2

��
dS =� �

SB

� j
*��2

in

��
dS

= − �
h=1

N

kaAhei�kh−kj�·Rm1,m2�
−H

0

Z2�z�dz�
0

2�

�1 − ika cos�� − 
 j� + O�	2��

�� i cos�� − 
h�
	2 −

1 + cos 2�� − 
h�
2	

+ O�1�
d�

= − �
h=1

N

Ah�
−H

0

Z2�z�dz�
0

2�

d�� i cos�� − 
h�
	

−
1 + cos 2�� − 
h�

2
+ cos�� − 
 j�cos�� − 
h� + O�	�


= − �
h=1

N

�Ah�− 1 + cos�
 j − 
h���
−H

0

Z2�z�dz + O�	� , �B5�

where use is made of the identity �0
2� cos 2��−
h�d�=0.

Substituting Eqs. �B4� and �B5� into Eq. �B1�, the surface integral on the cylinder becomes Eq. �38�.
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